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Abstract
For an algebraic curveX over the finite field Fq , we denote by N(X ) and g(X ) the number of Fq -rational
points and genus of X , respectively. Define the asymptotic quantity A(q) by lim supg(X )→∞ N(X )/g(X ).
In this paper, we show an improvement on the best known lower bound on A(2).
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1. Introduction
Due to applications to coding theory [4,8,9] and low-discrepancy sequences [4], algebraic
curves over finite fields with many rational points have been extensively studied in the past two
decades [4,7–9]. In particular, people are interested in the asymptotic behavior of the number of
points on curves when the genus tends to infinity. Before proceeding to the recent development
on the asymptotic behavior, we recall some basic notations.
Let X /Fq be an algebraic curve of genus g. We denote by Fq(X ) the function field of X . Let
N(X ) denote the number of Fq -rational points of a curve X /Fq of genus g(X ). According to
the Weil bound:
N(X ) q + 1 + 2g(X )√q,
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For any prime power q and any integer g  0, put
Nq(g) := maxN(X ),
where the maximum is extended over all curves X /Fq with g(X ) = g.
We also define the following asymptotic quantity
A(q) := lim sup
g→∞
Nq(g)
g
.
We know from [2,9] that A(q) = √q − 1 if q is a square. However, for nonsquares q , we know
a little about A(q). More precisely, the exact value of A(q) is not known for any nonsquare q .
In particular, we do not know the exact value of A(2). So far, apart from the class-field-tower
method invented by Serre [7], we have no other ways to study lower bounds on A(2). The current
best known lower bound on A(2) was given by Niederreiter and Xing [3] using cyclotomic fields
and the class-field-tower method.
Proposition 1.1. (See [3].)
A(2) 81
317
= 2.5555 . . . .
Let us briefly introduce the class-field-tower method. For the details of this method, see [4–7].
It is well known that the category of (projective, absolutely irreducible and smooth) algebraic
curves over Fq is equivalent to the category of global function fields with full constant field Fq .
From now on, we switch from the geometric language to the algebraic one.
For a global function field F over Fq , we denote by PF the set of places of F . Let S be a
subset of PF such that PF \ S is a nonempty finite set. We denote by OS the S-integral ring, i.e.,
OS =
{
x ∈ F : νP (x) 0 for all P ∈ S
}
.
The fractional class group of OS is denoted by Cl(OS). By employing the theory of infinite
Hilbert class field towers, Serre showed the following result.
Proposition 1.2. (See Serre [7].) Let F be a global function field of genus g > 1 with full constant
field Fq and let S be a subset of PF such that S′ := PF \ S is a nonempty set of rational places
of F . Suppose that there exists a prime number  such that the -rank d(Cl(OS)) of Cl(OS)
satisfies
d
(
Cl(OS)
)
 2 + 2√|S′| + ε(q), (1)
where ε(q) = 1 if  | (q − 1) and ε(q) = 0 otherwise. Then we have
A(q) |S
′|
g − 1 .
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with the -rank of Cl(OS) satisfying (1). On the other hand, the -rank of Cl(OS) should not be
too large, otherwise, the genus of F might be too big to give a good bound on A(q).
The following result shows a relationship between the -rank d(Cl(OS)) and the number
of ramified places. In other words, if we have enough ramified places, the condition (1) can be
satisfied.
Proposition 1.3. (See [4].) Let K/Fq be a global function field and F/K a finite abelian exten-
sion. Let T be a proper subset of PK such that T ′ := PK \ T is finite and nonempty and let S be
the set of places of F lying over those places in T . Then for any prime  we have
d
(
Cl(OS)
)

∑
P∈PK
d(GP ) −
(|T ′| − 1 + ε(q))− d(G),
where ε(q) is defined in Proposition 1.2, G = Gal(F/K) and GP denotes the inertia group of
the place P of K .
By constructing a global function field over F2 through certain cyclotomic function fields,
Niederreiter and Xing established the bound in Proposition 1.1. In this paper, we again employ
cyclotomic function fields to construct a global function field F satisfying condition (1), thereby
obtaining an improved bound.
Theorem 1.4.
A(2) 97
376
= 0.257979 . . . .
2. Proof of Theorem 1.4
As we require cyclotomic function fields to construct our global function fields, we briefly
introduce cyclotomic function fields (see [1] for the details). To simplify our discussion, we will
only consider the case where the constant field is the binary field F2.
Throughout this section, we fix the following notations:
• k: the rational function field F2(x);
• R: the polynomial ring F2[x];
• kac: an algebraic closure of k.
Let ϕ ∈ EndF2(kac) be the endomorphism given by
ϕ(u) = u2 + xu for all u ∈ kac.
Define a ring homomorphism
R → EndF2
(
kac
)
, f (x) → f (ϕ).
Then the F2-vector space kac is made into an R-module by introducing an action of R on kac by
uf (x) = f (ϕ)(u) for all f (x) ∈ R and u ∈ kac.
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ΛM =
{
z ∈ kac: zM = 0}.
It is immediately seen that ΛM is an R-submodule of kac.
If we adjoin all M-torsion elements to k to get an extension k(ΛM), we have the following
result.
Lemma 2.1. Let M ∈ R be a monic polynomial and put kM := k(ΛM). Then:
(i) kM/k is a finite abelian extension with the Galois group isomorphic to the multiplicative
group (R/(M))∗ of the residue ring R/(M). Thus, [kM : k] = Φ(M) := |(R/(M))∗|.
(ii) If M = Pn for a monic irreducible polynomial P and an integer n  1, then P is totally
ramified in kPn/k and all other places of k are unramified in kPn/k. Moreover, the pole
place ∞ of x splits completely in kPn/k.
(iii) If M = Pn for a monic irreducible polynomial P and an integer n  1, then the different
exponent of P in kPn/k is equal to n(2d − 1)2d(n−1) − 2d(n−1), where d = deg(P ) is the
degree of P . For a place Q 	= P of k, the Artin symbol [ kPn/k
Q
] of Q corresponds to the
residue class Q¯ in the group (R/(M))∗.
(iv) If M = Pn for a monic irreducible polynomial P and an integer n 1, then ΛPn is a cyclic
R-module. Let λ be a generator. Then λ is a local parameter of the unique place lying
over P .
Proof of Theorem 1.4. Let M be the polynomial (x4 +x3 +x2 +x+1)2 ∈ R = F2[x] and let K
be the subfield of the cyclotomic function field kM fixed by the cyclic subgroup of Gal(kM/k) =
(R/(M))∗ generated by x¯, i.e., K is a subfield of kM/k with Gal(kM/K) = 〈x¯〉. It is clear that
the only ramified place in K/k is x4 +x3 +x2 +x+1 and it is totally ramified by Lemma 2.1(ii).
The degree of the extension K/k is equal to |Gal(kM/k)|/|Gal(kM/K)| = 240/10 = 24. It
follows from [4, Theorem 2.3.6] that the different exponent of x4 + x3 + x2 + x + 1 in K/k
is 2 × 24 − 3 − 1 = 44. By the Hurwitz genus formula, the genus g(K) of K is given by
2g(K) − 2 = 24 × (2g(k) − 2)+ 4 × 44 = 128,
i.e., g(K) = 65.
Now we consider another cyclotomic field kN with N = x4. Let L be the subfield of kN fixed
by the cyclic subgroup generated by (x + 1)2. Then it is easy to see that Gal(L/k) ∼= (Z/2Z)2
and the only ramified place in L/k is x and it is totally ramified by Lemma 2.1(ii). Let Q be the
unique place of L lying over x. Then Q is totally ramified. Let λ be a generator of ΛN . Then
λ is a local parameter of the place P of kN lying over Q by Lemma 2.1(iv) and the different
exponent of P in kN/L is given by (see [4, Proposition 1.3.13])
dP (kN/L) = νP
( ∏ (
λ − λσ )
)
= νP
(
λ − λ(x+1)2)= 4.σ∈Gal(kN /L)\id
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have
dQ(L/k) = 12
(
dP (kN/k) − dP (kN/L)
)= 10.
Consider the composite field KL of K and L and the extension KL/K . It is clear that K ∩L = k
since x is not ramified in K/k. Hence, we have
Gal(KL/K) ∼= Gal(L/k) ∼= (Z/2Z)2.
The only ramified places in KL/K are those places lying over x. There are 24 such places
altogether and their inertia groups in KL/K are all isomorphic to (Z/2Z)2. Let T ′ be the set of
the 24 places in K lying over ∞ and one place lying over x. Then |T ′| = 25. Put T = PK \ T ′
and let S be the set of the places of KL lying over those places in T . Put S′ = PKL \ S. Then
|S′| = 4 × 24 + 1 = 97. Replacing F by KL in Proposition 1.3, we get
d2
(
Cl(OS)
)

∑
P
d2(GP ) −
(|T ′| − 1)− d2(G)
= 24 × 2 − 24 − 2
= 22 > 2 + 2√97 ≈ 21.7.
This means that the condition (1) in Proposition 1.2 is satisfied. Hence,
A(2) |S
′|
g(KL) − 1 .
It remains to calculate the genus of KL. The only ramified places in KL/K are those places
lying over x and their different exponent is the same as dQ(L/k) = 10. By the Hurwitz formula,
we get
2g(KL) − 2 = 4(2g(K) − 2)+ 24 × 10 = 752,
i.e., g(KL) − 1 = 376. Hence,
A(2) 97
376
.
This completes the proof. 
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